In this paper we gemeralize the primitive element theorem to the generation of separable algebras over fields and rings. We prove that any finitely generated separable algebra over an infinite field is generated by two elements and if the algebra is commutative it can be generated by one element.
In this paper we gemeralize the primitive element theorem to the generation of separable algebras over fields and rings. We prove that any finitely generated separable algebra over an infinite field is generated by two elements and if the algebra is commutative it can be generated by one element.
We then derive similar results for finitely generated separable algebras over semilocal rings. It is a well known result (Nagahara, i] that any finitely generated separable simple algebra A over a field F is generated over F by two conjugate elements of A. It is also known that if x is an element of A which does not belong to the center of A, then there exists a unit x I in A such that A is generated over F by x and x I (Nagahara, [i] ).
We present a proof of some of these results in section 2. In section 3, we examine the problem of generating separable finitely generated algebras, not necessarily simple, over infinite fields and local or semilocal rings. Namely, we show that a finitely generated separable algebra over an infinite field F is generated by two elements over F. In the case the algebra is commutative it can be generated by one element. We give a counter example to shc that the condition, that the ground field is inifinite, is necessary. In section 4, we examine algebras over semilocal rings and we show that a finitely generated central separable algebra over a semilocal ring can also be generated by two elements over the ring and one element if the algebra is commutative.
The condition that the algebra is oentral can be eliminated and the theorem still holds if the local fields of the ring, i.e. the ring modulo its maximal ideals, are infinite. B[u] . Therefore (x-l-y)eln u-l-v is an element of B [u,v] . Hence (l-xy) ann u(x-l-y)eln is an element of B [u,v] and (l-xy)ein un-i(l-xy)enn and (l-xy)enj (l-xy)ennvn-j are elements of B [u,v] , for every i,j =I n.
Hence for every i,j I,..., n, we have (l-xy) 2 eij is in B [u,v] . Since (l-xy) 2 is a unit in B [u,v] , we get {eij is a subset of B [u,v] . (i) There exist at most two elements ci, i 1,2 in C N E such that (b+ci) a (b+c i)
(2) If a g E, then there exists at most one element c of the centralizer of a in E such that (b+c) a (b+c)
Proof.
Suppose that there exist Cl, c 2, c 3 three different elements in CA E such that ai=(b+ci)a(b+ci )-I is contained in E, for i=i,2,3. Then ba+cia= aib+aici for i=i,2,3 hence (Cl-C2)a=(al-a2)b+(alcl-a 2c2 and (Cl-C3)a=(a I -a3) b+(alcl-a3c3) so a=(cl-c2)-l(al-a2)b+(Cl-C2)-l(alcl-a2c2 and a=c (ci-c3)-I (al-a3)b+(Cl-C3)-l(alcl-a3c3) Subtracting those two, by elementary calculation we get a2=a3 which oontradicts the fact that if c2 then (b+c2)a(b+c2
) a= a'(c 2 -c3) which gives a'. But (b+c2)a(b+c2)--a leads to a contradiction ba=ab.
To prove the second assertion suppose there are two, elements c I and c 2 in CR({a}) with c I c 2 and a i (b+ci)a(b+ci)-I an element of F, for i=i,2. Prxf.
The proof follows since cfmmtative separable algebras over fields are semisimple, hence S is the direct sum of field extensions of F which are separable over F since S is.
We now prove a generalization of the primitive element theorem for finitely generated conmfcative separable algebras.
3.1:
If S is a finitely generated commutative separable algebra over an infinite field F, then S is generated over F by only one element, i.e.
S F[a], for some a in S.
Proof. We note that if we drop the condition that A is central over R, the Theorem will still hold if R/I is an infinite field, since in the proof we can use Theorem 3.2 instead of 2.1 to get the same conclusion.
By Lemma
We now prove two theorems for a semilocal base ring. 
